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Mass transfer and chemical reaction in channels in which the individual molecules cannot pass 
each other (single-file systems) are studied by Monte Carlo simulations. Applying a simple jump 
model for the elementary steps of diffusion, macroscopically observable phenomena like molecular 
adsorption and desorption, tracer exchange, and counterdiffusion are considered. In the case of 
chemical reaction, the simulation results are used for a generalization of the Thiele concept to 
single-file systems. © 1992 Academic Press, Inc. 

INTRODUCTION 

In the past decade, the development of 
zeolite research and technology has been 
intimately connected with the tremendous 
achievements in the synthesis of new zeolite 
structures (1-4). Among these, the great va- 
riety of zeolites with one-dimensional chan- 
nel systems (e.g., ZSM-12, -22, -23, -48, 
AIPO4-5, -8, -11, L, Omega, EU-I, and 
VPI-5) deserves special attention from both 
a theoretical and a practical point of view. 
As soon as the diameters of the molecules 
migrating within such adsorbents are com- 
parable with the diameters of the channels, 
the individual molecules cannot pass each 
other within a channel. This situation may 
be compared with a file of strung pearls, 
where a given pearl may only be shifted if 
the adjacent ones are shifted as well, in or- 
der to leave the necessary free space for 
displacement. It is obvious that molecular 
transportation under such conditions is 
quite different from "ordinary" diffusion, 
where the molecules may exchange their po- 
sitions. Referring to the similarity with con- 
ductance mechanisms in biological mem- 
branes (5, 6), Riekert (7) was probably the 
first to apply this concept of single-file diffu- 
sion to molecular migration in zeolites. With 
the advent of the broad variety of micropo- 
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rous materials in which single-file diffusion 
can occur, Riekert's pioneering work (7), 
which appeared more than 20 years ago, has 
gained particular importance. Apart from 
the developments in zeolite research as an 
example for correlated processes in multi- 
particle systems, single-file diffusion has 
become an attractive topic for mathemati- 
cians and theoretical physicists. As the 
most important result, for sufficiently long 
observation times t the mean square dis- 
placement (r2(t)) of the individual particles 
in file direction was found to be propor- 
tional to the square root of the observation 
time. This is in contrast to ordinary diffu- 
sion, where, according to Einstein's re- 
lation 

(r2(t)) = 2Dt, (1) 

the mean square displacement is propor- 
tional to the observation time with D denot- 
ing the self-diffusivity. Assuming that mo- 
lecular diffusion proceeds via activated 
jumps with step length I and a mean time r 
between succeeding jumps, the self-diffu- 
sivity is related to the elementary steps by 

12 
D = - - .  (2) 

2~- 

As a long-time approximation for the 
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mean square displacement for single-file dif- 
fusion, Fedders (8) derived the following 
analytical expression: 

. (3) 

The meaning of the quantities l and r is in 
analogy to Eq. (2), but with the understand- 
ing that now one must consider jump at- 
tempts rather than real jumps and that a 
jump attempt is only successful if it is di- 
rected to a vacant site. O denotes the frac- 
tion of occupied sites. The step length coin- 
cides with the separation of adjacent sites. 
The derivation of Eq. (3) as presented in 
Ref. (8) is based on the formalism of the 
two-point correlation function and requires 
a substantial theoretical background (see, 
e.g., (9)). However, Eq. (3) may be derived 
in a much easier way by simply considering 
the random walk of the involved vacancies. 
This derivation, which is in fact an extension 
of de Gennes' treatment of polymer "repta- 
tion" (10), is given in the Appendix. 

Adopting the notation of Einstein's rela- 
tion (Eq. (1)) it may be appropriate to intro- 
duce a single-file mobility factor F by the 
equation 

(r2(t)) = 2F'V't (4) 

with the dimension m 2 s - 1/2. Using Fedders' 
approximation (Eq. (3)) one has 

1 - ®  1 
F = 1 2 _  - -  (5) 

® N/2~rr 

For interpreting experimental data it may 
be useful to introduce a"concentration-cor- 
rected" single-file mobility factor F 0 by in- 
corporating the explicit concentration de- 
pendence given by Eq. (5): 

® l 2 
F o = U 1-----Z~ - N/2n-~" (6) 

Being not explicitly dependent on concen- 
tration, Eq. (6) can be considered as the 
single-file counterpart of Eq. (2). 

The different time dependence of the 
mean square displacements in ordinary and 

single-file diffusion results from the differ- 
ence in the correlation of molecular dis- 
placements in subsequent time intervals 
(11). In the case of ordinary diffusion, con- 
sidering sufficiently large time intervals, 
these displacements are completely uncor- 
related. This leads to the well-known behav- 
ior of Markoffian processes in which the 
distribution width of the square displace- 
ments increases in proportion to the consid- 
ered time. One may easily rationalize this 
fact by summing up the displacements in 
succeeding time intervals and taking the 
mean square of the sum. Due to the loss 
of coherence in different time intervals, all 
cross terms vanish and one obtains the sum 
of the square displacements during the 
individual intervals, i.e., a quantity that is 
proportional to the number of succeeding 
time intervals and with it to the time itself. 
In single-file diffusion, a displaced mole- 
cule is more likely to return to its original 
position than to proceed further, since the 
latter would stipulate a further concentra- 
tion of the molecules ahead. Consequently, 
molecular displacements in succeeding 
time intervals are more likely to occur 
in opposite directions, leading to negative 
cross terms in the mean square sum of 
the displacements. It is essential that this 
correlation is preserved for any time inter- 
val and that it is more stringent the larger 
the considered displacements. Thus one 
may easily rationalize the fact that the 
mean square displacement increases less 
than linearly with the observation time. It 
should be emphasized that negative cross 
terms between succeeding displacements 
may occur for a variety of diffusion mecha- 
nisms as soon as a mutual interaction of 
the diffusants becomes essential. This is 
described by the well-known correlation 
effect (12), leading to diffusivities smaller 
than expected from the elementary steps 
on the basis of a pure random model as 
provided by Eq. (2). However, for other 
than single-file systems this correlation 
vanishes with increasing time intervals, 
(13), and for observation times sufficiently 
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surpassing the time scale of the elementary 
steps, molecular migration follows Ein- 
stein's equation (Eq. (1)) of ordinary diffu- 
sion. This fact has been confirmed experi- 
mentally for self-diffusion in both solids 
(12) and zeolitic adsorbate-adsorbent sys- 
tems with three-dimensional pore networks 
(•4); it should be worthwhile, therefore, to 
reserve the term single-file diffusion for 
real single-file systems as introduced 
above. 

Since the pioneering publications of Ruth- 
yen (15) and Theodorou and Wei (16), 
Monte Carlo simulations of molecular mass 
transfer have become routine methods in 
zeolite research (17-22). So far, however, 
one was in general concerned with more- 
dimensional networks. To our knowledge, 
only Rajadhyaksha and co-workers (20-22) 
have considered a situation similar to the 
above described case of single-file diffusion. 
However, they have not explored the long- 
time dependence in any detail. In their rep- 
resentations the mean square displacements 
appear to approach a constant value, which 
would be in contrast to the behavior pre- 
dicted in theory. 

It is clear that one-dimensional diffusion 
in channel-like pores does not necessarily 
imply single-file behavior. As soon as the 
individual molecules may pass each other, 
ordinary diffusion may become dominant. 
Depending on the ease of this mutual pas- 
sage and the location where it may occur 
(i.e., anywhere in the channel system, in 
side pockets, or in structural defects), there 
might be a broad transition range between 
these two diffusion regimes. Moreover, 
since different experimental techniques may 
differ in both the observable displacements 
and time scales (23, 24), it may be possible 
that in experiments carried out with differ- 
ent methods, different diffusion mecha- 
nisms prevail. 

In the present paper, the method of Monte 
Carlo simulation is applied to predict some 
of the key features of molecular migration 
and reaction under the conditions of single- 
file diffusion. 

THE MOLECULAR MEAN SQUARE 
DISPLACEMENT 

The single-file system is assumed to con- 
sist of a chain of N sites of separation l, and 
z = N® molecules are statistically distrib- 
uted over the sites. Molecular transport 
within this system is simulated by repeating 
the following operations: 

(i) statistical selection of one of the z mole- 
cules for a jump attempt (activation), 

(ii) statistical selection of the jump di- 
rection, 

(iii) the molecule jumps to the adjacent 
site if it is vacant, otherwise it remains at its 
position. 

z activations are considered as one step in 
the simulation procedure. With ~- denoting 
the mean jump time (i.e., the mean time 
between two succeeding activations of the 
same molecule), the number of simulation 
steps n is related to the simulated time t by 
t = m-. To reduce the influence of disturbing 
boundary effects, the considered finite file 
is periodically prolonged in either direction; 
i.e., the rightmost molecule of the chain can 
only jump to the right, if the leftmost site is 
vacant. The dependence of the mean square 
displacement, obtained in this manner, on 
the step number (and, hence, on the obser- 
vation time) is shown in Fig. 1 for different 
medium occupation numbers ®. The data 
represent the medium values obtained after 
several runs (accumulations). For smaller 
site occupancies, corresponding to a smaller 
total amount of molecules, larger accumula- 
tion numbers were chosen to keep the scat- 
tering in the obtained data at a level compa- 
rable with the one at higher occupancies. In 
agreement with the analytical approxima- 
tion, for sufficiently large step numbers the 
mean square displacements increase pro- 
portionally to the square root of the observa- 
tion time yielding in the logarithmic repre- 
sentation a straight line with slope 1. 
Following the notation of Eq. (4), Fig. 2 
shows values for the single-file mobility fac- 
tor F as determined from the intercept of the 
long-time approximations of Fig. 1 with the 
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FIG. 1. Molecular mean square displacements in dependence on the observation time t on a single 
file of N = 10,000 sites for various site occupancies 0 .  The plots represent the mean values of several 
simulation runs (accumulations) as indicated in the figure. 

ordinate (corresponding to the slope of a 
(r2(t))-vs-t  1/2 representation) and the con- 
centration-corrected values F0 in depen- 
dence on ®. In agreement with Eq. (6), F0 
is found to be essentially concentration in- 
dependent. In contrast to previous Monte 
Carlo simulations (25), the absolute values 
are as well in agreement with the theoretical 
prediction 

F0XG 1 
- - -  ~- 0.4 ( 7 )  

l 2 X / / ~  

as given by Eq. (6). 

The typical single-file behavior, i.e., pro- 
portionality between (r2(t)) and t 1/2, is ob- 
served sooner, the closer the concentrations 
are to complete saturation. Vice versa, the 
initial regime of ordinary diffusion is best 
expressed for small occupation numbers. 
Both effects are easily understandable since 
it is the effect of mutual collisions that leads 
to the transition from ordinary to single-file 
diffusion, and these collisions are clearly 
more frequent for higher occupation 
numbers. 

A systematic error in the determination of 
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FIG. 2. Single-file mobility factor F and concentration-corrected mobility factor F 0 resulting from the 
Monte Carlo simulations presented in Fig. 1, in dependence of the file occupancy ®. 
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the mean square displacements may occur  if 
the file lengths Nl are not chosen long 
enough. This is illustrated by Fig. 3, where 
for the shorter file, starting from a certain 
step number  (n ~ 1000), the time depen- 
dence of  ordinary diffusion is again ob- 
served. For  this comparison a very high site 
occupancy  (@ = 0.99) was selected to ascer- 
tain that single-file behavior  is obtained from 
the very  beginning of the observat ion times 
t (see Fig. 1). The deviation from single-file 
behavior  as observed for the shorter file is 
a consequence of  the fact that for a "va-  
c a n c y "  leaving the original file, due to the 
used principle of  periodic repetition, this va- 
cancy and its " m i r r o r "  (starting from the 
other  side of  the file) would migrate to the 
file center  with equal probability. This 
means that, notwithstanding the fact that 
this vacancy has shifted a given molecule 
to a certain direction, as soon as this 
vacancy has attained the boundary,  on 
" re tu rn ing"  (either by itself or as its mir- 
ror) it may effect a shift of  this very 
molecule to either side, i.e., a shift inde- 
pendent  of  the history. Thus, again Mar- 
koffian behavior  leading to ordinary diffu- 
sion would be observed.  

Being directly sensitive to molecular 
mean square displacements,  pulsed field 
gradient (PFG) NMR spectroscopy appears 

to be a very appropriate tool for discriminat- 
ing between ordinary and single-file diffu- 
sion (26-28). The prospects  of  the applica- 
bility of  PFG NMR are improving with 
increasing molecular mean square displace- 
ments and molecular concentrat ions.  For  
the measurement  of normal diffusion in ad- 
sorbent -adsorbate  systems, these condi- 
tions are often found to be contradictory 
(concentration dependences of type I, II, or 
IV (23, 26) exhibiting decreasing diffusivi- 
ties with increasing concentrations).  The 
concentrat ion dependence of  the mean 
square displacements as given by Eqs. (4) 
and (5) indicates that this is also true for 
single-file diffusion. To obtain an idea of  the 
range of  relevant root  mean square displace- 
ments in single-file diffusion one may esti- 
mate the quantity r in Eq. (3) on the basis 
of Eq. (2). Figure 4 presents  the observat ion 
times necessary for following certain single- 
file mean diffusion paths (rZ(t)) 1/2 calculated 
in this way for a step length of  5 A and a 
diffusivity of  10 -8 m 2 s 1. The latter value 
is of the order  of the diffusivity determined 
by both PFG NMR measurements  (29) and 
Molecular Dynamics calculations (30, 31) 
for methane in the channel network of zeo- 
lite ZSM-5 and is probably a reasonable up- 
per limit for  sorbate diffusivities in zeolites. 
Realizing that a value of  0.1 . . .  1/~m is a 
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FIG. 4. Observation times t necessary for following various single-file mean diffusion paths (r2(t)) ~/2 
in dependence on the site occupancy O, calculated from Eqs. (2) and (3) with D = 10 -8 m 2 s 1 and I = 
5 A. The shaded area represents the region of maximum observation times accessible by PFG NMR. 

typical lower limit for the range of displace- 
ments presently accessible by PFG NMR 
(27), and since, on the other hand, the maxi- 
mum observation times in PFG NMR stud- 
ies with zeolites are of the order of 1 0 . . .  
100 ms, this representation illustrates that 
only for relatively small site occupancies 
contributions of PFG NMR studies to the 
understanding of single-file diffusion in zeo- 
lites may be expected. 

The measuring range of quasi-elastic neu- 
tron scattering as an alternative method for 
studying intrinsic diffusion phenomena (32) 
comprises the other extreme case of dis- 
placements in the nanometer range. Such 
measurements are therefore particularly 
useful for high concentrations. 

THE S I N G L E - F I L E  ADSORPTION ISOTHERM 

In view of the above described limitations 
to the microscopic measuring techniques of 
single-file diffusion, the macroscopic de- 
scription of the single-file behavior of ad- 
sorbate-adsorbent systems, i.e., the predic- 
tion of the response of the whole system to 
a change in the concentration or composi- 
tion of the surrounding atmosphere, has spe- 
cial relevance. Maintaining the procedure of 
the previous section for simulating intra- 

crystalline single-file diffusion, molecular 
exchange between the crystallites and the 
gas phase is considered in the following 
way: 

(i) If the incidentally selected molecule 
occupies the last site of the file and if the 
jump attempt is directed out of the file, the 
molecule may leave the file with the proba- 
bility P; otherwise it remains at its po- 
sition. 

(ii) During each simulation step (i.e., per 
z jump attempts of the molecules within the 
file) on either side of the single file, a mole- 
cule from outside the file tries q times to 
occupy the last file position. It is successful 
if the position is vacant. 

Translated to real physical quantities, the 
encounter rate q at the channel orifice is a 
measure of the gas-phase pressure. The 
escape probability P is related to the ad- 
sorption energy E by the Boltzmann re- 
lation 

P ~ e e/kur (8) 

indicating the probability that a particle is 
able to overcome a step E in the potential 
energy. With the boundary conditions modi- 
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FIG. 5. Equilibrium single-file site occupancy O in dependence on the encounter rate q of molecules 
from the gas phase for various escape probabilities P (a) and Langmuir-type representation of the 
resulting relation (b). q is represented in molecules per orifice and simulation step and is proportional 
to the external pressure of the gas. 

fled in this manner, starting from zero con- 
centration, the above described simulation 
of intracrystalline single-file diffusion has 
been repeated. Figure 5a shows the equilib- 
rium concentration ® obtained in this way 
after a sufficiently large number of simula- 
tion steps in dependence on the encounter 
rate q (and with it on the gas-phase pressure) 
for three different values of the escape prob- 
ability P. 

These curves represent nothing other 
than the adsorption isotherm of the single- 
file system. In Fig. 5b, 1/® is plotted as a 
function of 1/q showing the typical Lang- 
muir-type behavior 

1 1 
- - =  1 + -  (9)  
® Kq 

of localized adsorption (7, 33), where the 
parameter K (representing the Henry con- 
stant of the simulated adsorption isotherm) 
is found to be related to the escape probabil- 
ity by 

2 
K = - (10) p" 

This is the relation that results from a 
simple consideration of the conditions for 
dynamic equilibrium between the marginal 
file sites and the gas phase. The coincidence 
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FIG. 6. Simulated curves of single-file uptake from zero concentration up to various final site 
occupancies corresponding to the given external pressure p, which is proportional to the quantity q, 
for P = 1 and N = 100. (a) Uptake in relative site occupancies. (b) Uptake in fractions of the final site 
occupancy. 

is not unexpec ted  since the microdynamic  
constraint  of  the individual molecules 
should not affect  their equilibrium behavior .  
In agreement  with this considerat ion,  the 
equilibrium concentra t ions  were found to be 
independent  of  the file length. 

M O L E C U L A R  U P T A K E  

Figure 6a shows the uptake  curves  simu- 
lated as descr ibed above  f rom zero up to 
equilibrium concentra t ion for seven differ- 
ent " p r e s s u r e s . "  A plot of  the fractional 
uptake  (®(n)/®(w)) in Fig. 6b leads to a 
unique curve  which, moreover ,  is found to 
coincide with the relation 

- 1  

8 zc 1 l)2rr2t/L2) 
~.2 i_~0 (2i + 1) z e-(D¢2i+ (11) 

for molecular  uptake by  ordinary,  one- 
dimensional  diffusion (23, 33) with a diffu- 
sivity D given by Eq. (2) and L -- Nl as the 
length of  the file. At first glance, it may  be 
surprising that uptake  on a single-file sys tem 
should proceed  as fast  as under  the condi- 
tions of  ordinary diffusion where  molecules 
m a y  exchange their positions. However ,  if 
one bears  in mind that a mutual  exchange 
of two molecules in no way changes the 
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macroscopically observable situation, this 
result appears to be quite reasonable. In 
agreement with this consideration a depen- 
dence as predicted by Eq. (11) was also sim- 
ulated (34) 

(i) for the fractional uptake for initial con- 
centrations different from zero, 

(ii) for desorption instead of adsorption, 
and 

(iii) for varying file lengths. 

Single-file desorption was simulated by 
reducing rather than increasing the encoun- 
ter rate q. In this way it is realized that the 
molecular escape rate (being equal to the 
encounter rate under equilibrium condi- 
tions) exceeds the encounter rate. The net 
effect of this difference appears as the mac- 
roscopically observable phenomenon of de- 
sorption. For computational convenience 
all adsorption and desorption curves have 
been simulated under the assumption that 
the escape probability P from the marginal 
sites is equal to one. It is essential to note 
that a reduction of P (i.e., an enlargement 
of the potential step that the molecules must 
overcome on leaving the file) in no way 
changes the desorption kinetics, as long as 
the file is long enough, i.e., as long as the 
mean time to overcome this step is much 
smaller than the mean travelling time from 
a medium position of the molecule to the 
file boundary (35). It is sorption equilibrium 
rather than kinetics that is influenced by the 
escape parameter. This has been confirmed 
in simulations with varying values of the 
escape parameter P. In contrast to the equi- 
librium values finally attained (see above), 
in all cases the time dependence leading to 
these values remained unaffected by this 
variation (34). Although, according to these 
considerations, single-file uptake appears to 
proceed at rates similar to those of molecu- 
lar uptake in three-dimensional pore sys- 
tems, there may be a substantial difference 
from a practical point of view. In single-file 
diffusion a blockade of pore orifices will lead 
to a significant reduction of the uptake rates 
and (in the case of total blockade) of the 

equilibrium concentration, since there is no 
other access to the individual channels. In 
a three-dimensional network, due to the in- 
ternal interchange only an obstruction of es- 
sentially all orifices should lead to percepti- 
ble effects which in fact have been observed 
by NMR tracer desorption experiments 
(36-38) after a suitable zeolite modification. 

TRACER EXCHANGE AND 
COUNTERDIFFUSION 

The single file is assumed to be in equilib- 
rium with the surrounding gas phase. At 
time zero a macroscopically observable ex- 
change process is initiated by replacing the 
molecules in the gas phase (species A) by a 
different species (B). If these two species 
were isotopes, one would have to do with 
an example of single-file tracer exchange. In 
the case of two chemically different species, 
single-file counterdiffusion would be simu- 
lated. For simplicity both species are as- 
sumed to behave identically so that the 
patterns of tracer exchange and counter- 
diffusion (39-41) coincide. The gas reser- 
voir and the transportation rate in the gas 
phase are assumed to be large enough so 
that also after desorption of type A mole- 
cules, only molecules of type B are captured 
by the adsorbent. Since the properties of 
the two species have been assumed to be 
identical, during the exchange process the 
total amount of adsorbed molecules does 
not change. Figure 7a shows the relative 
amount of adsorbed type B species in depen- 
dence on the step number n (observation 
time) for three different file lengths. The 
most striking feature of these dependences 
is the dramatic decrease of the exchange 
rate with increasing file lengths. Since the 
mean square displacements have been 
found to increase with the square root of the 
observation time, a scale invariant expres- 
sion should be expected on plotting the rela- 
tive exchange in dependence on the obser- 
vation time (or the step number) over the 
fourth power of the file length. Figure 7b 
demonstrates that this behavior is in fact 
observed. The remaining differences be- 
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FIG. 7. Simulated curves  of  single-file tracer exchange  (counterdiffusion) for various file lengths N l  

represented  in dependence  on the step number  (a) and the reduced step number  n / N  4 (b). 

tween the curves can be attributed to the 
fact that strict proportionali ty between the 
mean square displacement and the square 
root of  the observat ion time is only attained 
for sufficiently large distances. 

For  t racer  exchange under  the conditions 
of  ordinary diffusion as well as for adsorp- 
t ion/desorpt ion in the cases of both normal 
and single-file diffusion the time constants 
are proportional to the square of the file 
length (see Eq. (11)). As a characteristic fea- 
ture of t racer  exchange under  single-file con- 
ditions, the time constant is now found to 
be proport ional  to the fourth power  of the 
file length. 

Single-file exchange measurements  will 
clearly require observat ion times much 
longer than those of exchange measure- 
ments in the case of  ordinary diffusion. 
Spectroscopic methods (37, 41, 42) that 
allow tracer exchange measurements  within 
sealed samples (which may be easily re- 
peated over  deliberately long periods) might 
therefore be of special relevance.  

S I N G L E - F I L E  R E A C T I O N  

Within the file, a monomolecular  react ion 
A ~ B is simulated by convert ing a statisti- 
cally selected fraction K of  molecules A to 
B per simulation step. The quantity K is con- 
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0 100000 200000 300000 n = t l ~  

Fro. 8. Relative amount ®A/® of molecules of species A within a single file of N = 100 sites at a site 
occupancy ® = 0.5 under the conditions of chemical reaction A---~ B in dependence of the simulation 
steps n after the start of the reaction. 

nected with the intrinsic reactivity k by the 
relation 

K 
k = - (12) 

7" 

If the selected molecules are already of type 
B they are left unchanged. It is assumed that 
in the gas phase A is in excess and that 
therefore only molecules of type A are cap- 
tured by the marginal sites of the file. 

The simulation is started with a file con- 
taining only molecules of type A in equilib- 
rium with the surrounding gas phase. Figure 
8 illustrates the conversion of these mole- 
cules to B as a consequence of the consid- 
ered reaction. Depending on the given reac- 
tion rates, after a certain number of 
simulation steps stationary conditions are 
attained; i.e., the concentration of mole- 
cules of type A is not reduced any longer. 
Figure 9 shows the relative concentration of 
the molecules of type B within the single- 
file system in dependence of the distance 
from the file surface under stationary condi- 
tions for various reactivities K. 

For ordinary diffusion, the concentration 
profile under stationary conditions is given 
(7, 23) by the relation 

®B _ 1 - c o s h ( x ~ )  (13) 
® cosh(L/2~/k~D) 

with x denoting the distance from the middle 
of the file. An example of such a concentra- 
tion profile is included in Fig. 9. It illustrates 
that the steric confinement within the single- 
file system leads to an enrichment of the 
reaction products in the file center, which is 
still more pronounced than in the case of 
ordinary diffusion. Under stationary condi- 
tions, the effective reactivity k* is related to 
the intrinsic reactivity k by the equation 

k* ®A = -~-k ,  (14) 

where ®A denotes the mean value of the site 
occupancy of molecules A. The ratio 

k* ®A 
- ( 1 5 )  

~ - k  ® 

represents the effectiveness factor, which 
may be easily determined by integrating 
over the concentration profile. Figure 10a 
shows the effectiveness factors calculated 
in this way from the simulation results for a 
variety of simulation parameters. 

In the Thiele concept of reaction under 
the conditions of ordinary diffusion, the ef- 
fectiveness factor ~ for a parallel-sided slab 
of catalyst of thickness L is found to be a 
function of a single parameter, the Thiele 
modulus 
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Oa/O N=100, 0=0.5 
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0.50 

0.25 

~ Z ........................ -" 

1.27 _ ~ 

0.5L 0.4L 0.31. 0.2L O. 1L 0 
X 

FIG. 9. Concent ra t ion  profiles of  the molecules  of  species B within the single-file sys t em under  
s tat ionary condit ions and compar i son  with the dependence  to be expected for ordinary diffusion 
(broken line, Eq. (13)). The  quant i ty  2L(k/D) I/2 (the Thiele modulus  ~)  in Eq. (13) has  been chosen  to 
coincide with the generalized Thiele modulus  (cf. Eq. (20)) of  the single-file reaction for K = 1.27 x 
10 -5 (op = 2.77). x denotes  the dis tance from the middle of  the file and L = NI its length. 

L? 
qb = ~- ~ ,  (16) 

leading to the effectiveness factor 

tanh qb 
(17) 

The Thiele modulus may be represented in 
an alternative way by introducing the intra- 
crystalline mean lifetime r~,tr a of  the mole- 
cules within the catalyst particles as defined 
by the first statistical moment  of the tracer 
exchange curve (43) 

f) I rintra = M I  = -0 1 O=-~-)J dt. (18) 

In the case of  a parallel-sided slab of  thick- 
ness L, one has (43) 

L 2 
(19) Tintra = 12D" 

Inserting this expression into Eq. (16) yields 
for the Thiele modulus 

(I) = X/3kTintr  a. (20) 

With this more general notation, the applica- 
tion of  the Thiele modulus is evidently not 

only restricted to transport  patterns follow- 
ing ordinary diffusion. 

In Fig. 10b the various values of  the effec- 
tiveness factor given in Fig. 10a are repre- 
sented as a function of the generalized 
Thiele modulus, defined in this manner.  The 
values of  the molecular mean lifetime Tintr a 
have been determined on the basis of  Eq. 
(18) from the simulated tracer  exchange 
curves. For  a given site occupancy the effec- 
tiveness factor, as for ordinary diffusion, is 
found to be a function of the Thiele modulus, 
which approaches the pattern of  ordinary 
diffusion (Eq. (17)) with decreasing concen-  
tration. 

Over the range considered in our  simula- 
tions (0.2 < O < 0.8) the intracrystalline 
mean lifetimes as calculated on the basis of  
Eq. (18) from the tracer exchange curves 
were found to be represented by the ex- 
pression 

1 03/2 
- -  N4"r  (21) 

ri"t~a - 350 1 - 0 

within a~sc.attering width of 10%. For  identi- 
cal intrinsic activities, according to Eq. (20) 
the ratio of the Thiele moduli for the single- 
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FIG. 10. Effectiveness factor "0 = K*/K of single-file reaction plotted in dependence of the intrinsic 
reaction rate (a) and the generalized Thiele modulus (b). The symbols in both representations refer to 
the same simulation conditions. 

file and ordinary diffusion is given by the 
square root ratio of  the mean life times rintr a . 
Hence,  by combining Eqs. (19) and (21), one 
obtains 

qbs f / 3 (93/2 
qb~ i f f  - ~/  175 1 -- (9 N. (22) 

With molecular  mean jump lengths of  l = 
5 A and particle diameters L = Nl of  the 
order  of 1 /zm, typical values of N should 
be of  the order  of  2000, leading to an en- 

hancement  of the Thiele modulus for the 
transition from ordinary to single-file diffu- 
sion over  two to three orders of magnitude. 
These high values suggest that the catalytic 
reactions observed with single-file systems 
(44-46) are strongly transport-controlled 
and are most likely to occur  in the vicinity 
of the orifices of the zeolite channels. 

CONCLUSIONS 

(i) In contrast  to adsorption and desorp- 
tion kinetics, which remain unchanged by 
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the transition from normal to single-file dif- 
fusion, t racer  exchange and chemical reac- 
tion are dramatically retarded in single-file 
systems. 

(ii) A key quantity for the description of  
single-file systems is the molecular mean 
square displacement.  Monte Carlo simula- 
tions confirm the dependence  on both the 
observat ion time (a¢ t In) and the sorbate con- 
centrat ion (at (I - ®)/®) of  the long-time 
approaches predicted by theory.  

(iii) Molecular confinement within single- 
file systems leads to an accumulation of the 
reaction products  within the adsorbent,  
which is much more pronounced than in the 
case of ordinary diffusion. 

(iv) Representing the Thiele modulus in 
terms of  the molecular intracrystalline mean 
lifetimes allows its application to both ordi- 
nary and single-file diffusion. On the basis of 
the Thiele concept  generalized in this way, 
a comparison of the influence of  transport  
limitation in the cases of ordinary and single- 
file diffusion becomes possible. 

(v) The single-file systems exhibit no pe- 
culiarities in their equilibrium properties.  

APPENDIX 

Derivation o f  the Long-Time Limit o f  the 
Molecular Mean Square Displacement 
in Single-File Systems 

The elementary step of  molecular migra- 
tion along a single file may be interpreted as 
an exchange process between an occupied 
and a vacant  site. Let  us characterize the 
positions of  the individual vacant sites at 
time t with respect  to an arbitrarily chosen 
molecule by a set of integers mi(t), so that 
mi(t)l denotes the distances of  the vacancies 
from the considered molecule.  Since the dis- 
placement r(t) of this molecule at time t re- 
sults as the net effect of  exchanges between 
this molecule and all vacancies,  which have 
"mig ra t ed"  from one side of  this molecule 
to the other,  we have 

r(t) = 1 ~  [O(mi(t)) - 1,9(mi(0)) ] (A1) 
i 

with 

+½ f o r m  > 0 
O(m) = (A2) 

-½ for m < 0. 

Thus, for the mean square displacement one 
obtains 

(r2(t)) = 1 2 ~  ([#(mi(t)) - #(mi(0))] 
l ,J 

x [#(mj(t)) - ~(mj(0))]). (A3) 

Since the positions of the individual va- 
cancies are independent of  each other,  the 
sum over  i ~ j on the right-hand side of  
Eq. (A3) vanishes so that Eq. (A3) reduces 
to 

(r2(t)) = 12 ~ ([O(mi(t)) 
i 

- O(mi(O))]2). (A4) 

The sum on the right-hand side of  Eq. (A4) 
represents the number of vacancies that has 
crossed the considered molecule either f rom 
left to right or from right to left. Adopting a 
treatment well known from PFG NMR (26, 
27) and neutron scattering (47) the same 
quantity may be expressed in an alternative 
way by introducing the a priori probability 
pa(m) to find a vacancy at the m th position, 
and the conditional probability Pc(m, m' ,  t) 
that a vacancy,  initially at position m, will 
have migrated to m' at time t. This leads 
to 

(r2(t)) = 12 ~, [p,(m)Pc(m, m' ,  t) 
m > 0 , m ' < 0  

+ pa(m')Pc(m', m, t)] (A5) 

The a priori probability of  finding a vacancy 
is evidently equal to (1 - ®). Considering 
sufficiently large time intervals, the sum 
may be replaced by an integral and one fi- 
nally obtains 

- -  - S,i (rZ(t)) 12(1 0)  =0 ' -  

+ Pc(m', m, t)] dm dm'.  (A6) 

For  further computat ion it is convenient  to 
differentiate both sides of  Eq. (A6) with re- 
spect to time: 
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d 
dt (r2(t)) 

= 12(1 - 0) Pc(m, m , 
- - 0  i =  --ac 

+ O P c ( m ' , m , t ) ] d m d m ' .  (AT) 

The time derivatives of the conditional prob- 
abilities Pc(m, m',  t) are given by Fick's 
second law describing the propagation of 
the individual vacancies: 

OPt - D v 02P~c - Dv 02Pc (A8) 
Ot O(ml) 2 l 2 0 m  2" 

Considering an isolated vacancy within a 
single file, the diffusivity Dv of this vacancy 
is evidently given by Eq. (2). For calculating 
the vacancy diffusivity under the influence 
of other vacancies we consider the mean 
square displacement of a certain vacancy 
during a time interval t. As soon as the se- 
lected vacancy is in contact with other va- 
cancies, it cannot be distinguished from 
these others. This is equivalent with the un- 
derstanding that the transfer rate of a given 
vacancy over other vacant sites is infinitely 
large. Thus, under the influence of other 
vacancies, the mean square displacement 
(rZ(t)) of a given vacancy, 

(rZsol.(t)) = 2Dt, (A9) 

if there were no other vacancies, would 
obey the relation 

02( rZ( t ) )  = (ri2sol.(t)). (A10) 

Combining Eqs. (A9) and (A10), the com- 
parison with Einstein's relation (Eq. (1)) fi- 
nally yields for the vacancy diffusivity 

D l 2 
Dv - 02 - 27"0 2. (All) 

Since 

OPc _ OPt 
O m  O m '  ' 

(A12) 

Equation (A8) may be written in the form 

OPc_ Dv 02Pc 
(AI3) 

Ot l 2 c3mOm" 

which allows a straightforward solution of 
the integral of Eq. (A7), leading to 

d (r2(t) 1 - ® 12 - Pc(0, 0, t). (A14) 
®2 7" 

Pc(m, m',  t) is the solution of Eq. (A8) for 
the initial condition 

Pc(m, m', 0) = 8(m - m') (A15) 

and is given by the standard diffusion ex- 
pression 

Pc(m, m',  t) 

® T e-((rn- m')20"r/2t) =~/~ -~  . (A16) 

Inserting this result into Eq. (A14) and inte- 
grating finally leads to Eq. (3) 

(rZ(t)) = 12 1 - ® 2 t 
® 7r" 

Nomenclature 

Arabic 
D 
Dv 
E 
F 
F® 

K 
k 
k* 
kb 
L 
l 
M1 
mi  

N 
/7 

P 
Pc(m, m', t) 

self-diffusivity 
vacancy self-diffusivity 
adsorption energy 
single-file mobility factor 
concentration-corrected 
single-file mobility factor 
Henry constant 
intrinsic reactivity 
effective reactivity 
Boltzmann constant 
file length (= Nl)  
step length 
first statistical moment 
set of integers, characterizing 
the positions of vacant sites 
number of sites per file 
number of simulation steps 
escape probability 
conditional probability that a 
molecule, initially at position 
m, will have migrated to m' 
at time t 
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P 
Pa(m) 

q 
r 

T 
t 

x 

Z 
Greek 

6) 
O(m) 
K 

K* 

T 

Tintra 

pressure  
a priori  probabi l i ty  o f  finding 
a v a c a n c y  at site m( = 1 - 19) 
e n c o u n t e r  ra te  
d i sp lacement  
t empera tu re  
t ime 
space  coord ina te  
n u m b e r  o f  molecules  per  file 

effectiveness factor 
site occupancy 
function defined by Eq. (A2) 
reaction rate 
effective reaction rate 
mean time between suc- 
ceeding jump attempts 
intracrystalline mean life 
time 
Thiele modulus 
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